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939. 


ON A CASE OF THE INVOLUTION 4AF+BG+CH=0, WHERE 
A, B, C, F, G, H ARE TERNARY QUADRICS. 


[From the Messenger of Mathematics, vol. xxi1r. (1893), pp. 182—186.] 


WE have here the six conics 

A=0, B=0, C0, F=0, G=0, H=0; 
the curves Af =0 and BG=0 are quartics intersecting in 16 points, and if 8 of 
these lie in a conic H=0, then the remaining 8 will be in a conic C=0, I take 
the first set of eight points to be 1, 2, 3, 4, 5, 6, 7, 8; the quartics AF=0 and 
BG =0 each pass through these eight points; and I assume for the moment 

A —1234, F=5678; B=1256, G —3478, . 
viz. that A=0 is a conic through the points 1, 2, 3, 4, and similarly for F, G, B. 
Here AZ —0 is a conic through the points 1, 2, 3, 4, 5, 6, 7, 8, or attending only to 
the last four points it is a conic through 5, 6, 7, 8; we have therefore a linear 
relation between F, G, H, and supposing the implicit constant factors to be properly 
determined, this may be taken to be PF -G--H-0; the identity AF+BG+CH=0 
thus becomes F(A—C)+G(B-—C)=0. We have thus F a numerical multiple of 
B —C, and by a proper determination of the implicit factor we may make this relation 
to be F=B-—C; the last equation then gives G— C — A, and from the equation 
F+G+H=0, we have H—4 — B; the six functions thus are 

A, B — C, or if we please, A—D, B —C, 

B,C—A B-D, C-A, 

C,A-B C —D, A — B, 
where D is an arbitrary quadric function. "The solution 

(A —D)(B—C)+(B- D)(0C— A)--(0- D)(A — B)=0 


of the involution is an obvious and trivial one. 
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But the case which I proceed to consider is 
A =1234,. F=5678; B=1256, G=3478; 
here AF=0, and BG=0, meet as before in the points 1, 2, 3, 4, 5, 6, 7, 8, and in 
eight other points, say that 
A=0, B=0 meet in 1, 2 and in two other points a, £, 


A20, G=0 : 3, 4 t AI, MC 
F = 0, B = 0 » 5, 6 » » E, g, 
F = 0, G = 0 » ip 8 » 2» N, 0 ; 


then the 8 points a, B, y, 5, e, &, 7, 0 will lie in a conic C = 0. 


I take y?— zz — 0 for the conic H=0; for any point in this conic we have 
$:y :Z-—1 : 0: 0, and we may take 0,, 0,, 0,, 0,, 0,, 0,, 9, 0, for the parameters 
of the points 1, 2, 3, 4, 5, 6, 7, 8 respectively. 

Write (a, b, c, f, g, h¥a, y, z? — 0 for the conie A, —1234— 0; therefore we have 

a +b + c+ f05 - 902 --h0-20—0,.0—0,.0 —06,.0—0,; 


or, if 
fii = 0, + 0, + 0, + 0,, 
Qiz = 0,0, + 0,0, + 0, 0, + 0,0, + 0,0, + 0,0,, 
lig, = 0,0,0, + 0,0,0, + 0,0,0, + 0,0,0,, 
$i, = 0,0,0,0,, 
then 


c=1, f—— piu, 6+9=Gomu, h=-— Tru, 067 854; 
or, writing y — —X, we have 
S234 4? + Gross Y? + 2 — Pios YZ — Tisa LY + M (Y? — z) — 0 
for the equation of the conic in question. We may without loss of generality put 
X-—0; and then if, in general, 
Q = sa? + qy? + 2 — pyz — ray, 
we have A=Q,,=0 for the conic A=0. And thus the equations of the four 


conics are 
A = Og, — 0, F= 673 = 9; B= Oy = 0, Oz 0,5, = 0; 


or, as for shortness I write them, 
420590, F=0'=0;, B= 0" =0, C= 0”, 


viz in Q the suffixes are 1, 2, 3, 4, in Q’ they are 5, 6, 7, 8, in Q” they are 1, 2, 5, 6, 
and in Q” they are 3, 4, 7, 8. 
I find that the implicit constant factors of AF and BG are 1, —1, and con- 
sequently that the form of the identity is 
00/—Q0"Q" "T (y? Cs Za) C= 0, 
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where C is a quadric function to be determined; or, what is the same thing, we have 


(so? +q? +2—py2 —ray \(s'a tq? +2-pyz — ray ), 


RTs D^ yz T ey), 


I / 


p =a abs a” 
q as a” 4 a’ B" AE a" 9 
y" = a’ B" a" a" 8' 


— Gm + Ppt 2 —piye— ray) (et ey + a 
+ (P — 202) C=0. 
Writing for shortness 
64+0,=a , 6,0, ==.8. , 
0,-0,—a , 0,0,=8' , 
06;4-0,— oa", 6,0,= B", 
0; 4-0, — o", 0,0,— 8"; 
we have 
p=ata’ ped itn: p =a +a” 
q-—a« 4 B+E | =La” t B" P| | q" — ae" - BB" 
r — af 4- aß r =a" 8" +a” 8" r” =aß" +a"ß 
s = Bg s - Bg" s" = BB" 


gt rM RE. 


In the last-mentioned equation, the first and second lines together are a quartic 
function of (x, y, z) say the value is 


where after all reductions 


A= sss” 

B= oddt" 

Dau 

F ——pd -pgp P e p"q" 
G= 0-0 

H =r — 949s rg 
Ly pp +a ee 

J= 0-0 

K — — qr -gr & qr" 4 qr 


== — ps’ = p's +p”s” + p's” 
M= 


Hn ll I tt 


př 4- pr — pr" — "y 
N =-r=-r 4r" +r” 
P= pp +q+ f= pp” RES gr a” 
Q = Ste —g x" 
R= 


Aa +By + Cz, 
+ Fyz + Gee + Hey, 
+ Iy? + Jzæ + Kay’, 
+ Læyz + May + Neye, 
4. Pye + Qa? Je Ray, 


= 0, 
— (ag"" — a") (a — a" 


+ (a 8" — a^") (a— ^) — (8' — 8") (8 — 8"), 


-— 0, 


ies (a E a”) (B' es B") m (a S a") (8 SA p"^, 


= (a8" — 4" B) (B" — 8) + («B" — 0B) (8" — B), 


= (a8" — a” B) (B' — B^) + («8" — aP’) (B — 8"), 


= (aß — aB) (a" — a) + (a B" — a^ B^) (a — a), 
= (a — a") (&" — BP) + (d — a^) (8" — B), 


21 
—(8' — 8") (8 — 8"), 


rr’ 4 qs’ ae q's Lt phy!" Et q's” LA g's" E 0 : 
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values which satisfy 


F+N=0, 
K+L=0, 
B+M+Q=0. 


The quartic function is thus seen to be 
— (y? — zx) (By? + Fyz — Qza + Kay) =0, 
viz. we have By? + Fyz — Qza + Kay =0 for the equation of the conic C — 0. 


Moreover, substituting for p, q, r, s, &c., their values, we have finally for the 
required involution 


[8B'2* + (ax +B c B) y+ Z — (a) ye — (ap B) ay] 

x [8"8"2* + (a"«" + B" + 87) y? + z — (a" +a”) yz — (a 8" + a8") ay] 
— [88^ + (aa" + B+ B") y+ z — (at a”) yz — (a8” +a") wy] 

x [B B" + (aa + B+ B^) y! +2 — (al +a”) y2— (087 +a" P) wy), 

—-(y —2w)x ( y [(a8” — a" p) (al — a") + (4 8" — a8") (a — a") — (8 — 8") (B' — B")] 

+ yz [(a — a") (8' — 8^) + (a — 2") (8 — 8")] 
— ez [(8 — 8") (8' - 8")] 
— ay [(a8"' — a” B) (B' — B") + («B" — a” 8) (8 — 8")] 


It will be recollected that this is the solution for the case A= 1234, F-—5678; 
B —1256, G=3478: being that to which the present paper has reference. 
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